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Influence of Joule heating on current-induced domain wall depinning
Simone Moretti,∗ Victor Raposo, and Eduardo Martinez
Universidad de Salamanca. Plaza de los Caidos, 37008, Salamanca. Spain.
(Dated: October 10, 2018)
The domain wall depinning from a notch in a Permalloy nanostrip on top of a SiO2/Si substrate
is studied theoretically under application of static magnetic fields and the injection of short current
pulses. The influence of Joule heating on current-induced domain wall depinning is explored self-
consistently by coupling the magnetization dynamics in the ferromagnetic strip to the heat transport
throughout the system. Our results indicate that Joule heating plays a remarkable role in these
processes, resulting in a reduction in the critical depinning field and/or in a temporary destruction
of the ferromagnetic order for typically injected current pulses. In agreement with experimental
observations, similar pinning-depinning phase diagrams can be deduced for both current polarities
when the Joule heating is taken into account. These observations, which are incompatible with the
sole contribution of spin transfer torques, provide a deeper understanding of the physics underlying
these processes and establish the real scope of the spin transfer torque. They are also relevant for
technological applications based on current-induced domain-wall motion along soft strips.
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I. INTRODUCTION
Magnetic domain walls (DWs) in patterned nanostrips
have attracted much attention due to their application
in field- and current-induced DW logic1 and memory de-
vices2. Key to the successful operation of these memory
devices is the controllable motion of DWs between pin-
ning sites using current pulses, which contrary to the
field-driven case, will coherently drive neighboring walls
in the same direction through the nanostrip. Experi-
ments have shown that the injection of an electrical cur-
rent through a soft Permalloy (Py) strip can drive domain
walls in the direction of the electron flow3–5 and/or assist
the field-driven depinning from a patterned constriction6.
DW transformations7, and even the nucleation of multi-
ple walls8 have also been observed under injection of cur-
rent pulses. These observations are usually interpreted
in terms of the spin-transfer torque (STT) mechanism,
as predicted by Berger and Slonczewski9,10. Since the
electrical current becomes spin-polarized in the magnetic
direction of the ferromagnet, the polarization of the spin
flips when a DW is encountered. Because of angular mo-
mentum conservation, this change in angular momentum
of the conduction electrons leads to a reaction torque on
the DW called adiabatic STT, and the DW is pushed
in the direction of the electron flow. In addition to this
torque, a second, non adiabatic STT was suggested11–14
to explain the discrepancies with the experimental re-
sults. The common interpretation is that the spin polar-
ization of the electric current cannot follow the local mag-
netization within the DW, and a misalignment between
the current and the DW magnetization occurs, which acts
as an additional field-like torque on the DW. This torque
is parametrized by the so-called non adiabatic parameter
ξ. However, the physical origin, as well as the magnitude
of this non adiabatic STT contribution, remains contro-
versial to this day15. The debate is reinforced by the
high disparity of the estimated STT parameters, spin
polarization P and nonadiabaticity ξ, as deduced from
experiments on similar Py samples (see15 and references
therein). Therefore, a complete understanding of these
observations is lacking, and further theoretical and nu-
merical efforts are still needed.
A typical design for measuring the STT parameters
consists of analysing the depinning of a DW initially
trapped at a notch. In the absence of current, the DW
can be expelled from the notch under a sufficiently large
static magnetic field. Since the non-adiabatic contribu-
tion enters in the magnetization dynamics equation as
an effective magnetic field11–17, the STT parameters (P
and ξ) can be inferred by measuring the reduction or the
enhancement of the required field as a function of the
injected current. The experimental results of critical de-
pinning current as a function of the applied field (or vice
versa) are usually described in terms of standard micro-
magnetic and/or simple 1D models, which describe the
DW dynamics governed by the Landau-Lifshitz-Gilbert
(LLG) equation including the adiabatic and nonadiabatic
STTs. However, these conventional approaches assume
that the current density is flowing uniformly along the
strip18–20. This constitutes an oversimplification when
the strip cross section is non-uniform, and especially
when the current is forced to pass through constrictions.
Apart from the STTs, it is well known that an elec-
tric current also generates Joule heating. Although sev-
eral experimental works have indicated that its effect
can be significant6,8,21–25, its influence on DW depin-
ning has not yet been assessed. Reductions in the DW
propagation field25 or in the switching field23 have been
experimentally observed in Py samples and ascribed to
Joule heating. Furthermore, numerical studies26–28 of
the heat transport in these systems have shown that
non-uniform temperature profiles can appear during the
current pulse and that, depending on the current and
the substrate, the local temperature can be close to or
even above the Curie temperature (TC). Although ther-
mal fluctuations at uniform room temperature have been
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2studied numerically with the stochastic version of the
Landau-Lifshitz-Gilbert equation16–18, this Langevin ap-
proach is restricted to uniform temperatures well below
the Curie threshold, and therefore it fails to describe
the current-assisted DW depinning in systems where the
temperature varies significantly. Here we develop a mi-
cromagnetic framework that couples both the electric
and the heat transport to the magnetization dynamics
self-consistently. Within this formalism, the magnetiza-
tion dynamics is described by the Landau-Lifshitz-Bloch
(LLB) equation29–35, which allows us to properly de-
scribe the current-assisted DW depinning for tempera-
tures close to or even above TC .
As an archetypal experiment, the developed formalism
is used here to numerically evaluate the phase diagram
for current-assisted DW depinning studied experimen-
tally by Hayashi et al.6. This experiment was performed
on a 6µm-long Py nanostrip on top of a SiO2/Si sub-
strate. The Py strip has a 300nm × 10nm cross section
and contains a triangular notch with a depth of ≈ 100nm.
Four different initial magnetic DW configurations pinned
at the notch were observed, depending on the nucleation
process: vortex or transverse DWs, pinned at the cen-
ter or at the left side of the notch (see Fig. 2 in6 for
a detailed description of the nucleation process). After
nucleation and pinning of DWs, 4ns current pulses with
both polarities (J > 0 and J < 0) of different ampli-
tudes were applied through two gold contacts placed at a
distance of 4µm from each other under bias static fields
~HB = HB~ux along the longitudinal x-axis. A sketch of
the system is shown in Fig. 1(a). After each current pulse,
the presence or absence of the DW between the contacts
was detected by resistance measurements, and the prob-
ability of current-assisted DW depinning was obtained
as a function of the external field. The critical depin-
ning current was defined as the one at which depinning
probability exceeds 50%. As expected, in the absence
of current pulses (J = 0), the DWs initially trapped at
the center of the notch were symmetrically depinned by
positive (HB > 0) and negative (HB < 0) fields with the
same magnitude. By contrast, the DWs pinned at the
left side of the notch are more easily depinned by nega-
tive fields than by positive fields, simply because of the
asymmetric pinning potential6. However, in the presence
of current pulses (J 6= 0), two noticeable results can be
observed in the measured depinning diagrams shown in
Fig. 3 of Ref.6. First, DW depinning is not achieved in
the absence of an applied field, and therefore, the evalu-
ated currents alone do not exert a significant force on the
DWs. Second, regardless of the initial magnetic config-
uration, all phase diagrams show a marginal dependence
on the current polarity, i.e. positive (J > 0) and neg-
ative (J < 0) currents produce roughly the same phase
diagram. These observations are not fully compatible
with pure STT contributions12,13, which push the DW
in opposite directions, depending on current polarity. By
contrast, they suggest that the experimental results could
be compatible with Joule heating (JH), which does not
depend on the current polarity. In fact, Hayashi et al.6,36
estimated an averaged temperature through the sample
of about ≈ 780K during the injection of the pulses with
J ≈ 3× 108A/cm2. These temperatures are close to the
Curie temperature of Py (TC ≈ 850K8), underscoring the
need to consider the effects of Joule heating.
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FIG. 1. (color on-line) (a) Geometry of the Py strip and initial
magnetization state, ~m(~r, t = 0). (b) Spatial distribution of
the current density ~J(~r, t) during the current pulse 0 ≤ t ≤
4ns. Lines represent schematically the local direction of the
current density while the color represents its local module
normalized to the value at points distant from the notch (J),
where the current density is uniform across the strip width
and points along the x-axis.
In this paper, we focus on the analysis of the current-
assisted DW depinning from a notch under static fields
and short current pulses, with emphasis on elucidating
the effect of Joule heating. The paper is organized as fol-
lows. The conventional micromagnetic formalism based
on the LLG equation and neglecting Joule heating is pre-
sented in Sec. II, which also includes its predictions and
stresses its limitations to explain the experimental ob-
servations. In Sec. III we describe the heat dynamics by
means of electro-thermal simulations of the entire sample.
A phenomenological model describing the heat transport
is also presented and validated to further describe the
heat transport coupled to the magnetization dynamics
in the Py strip. The model developed for the heat trans-
port is then coupled to the magnetization dynamics given
by the LLB eq. in Sec. IV, and the predictions for the
DW depinning results are presented and compared with
the experimental measurements. Sec. V presents a brief
discussion of the results while the main conclusions of our
study and their implications are summarized in Sec. VI.
II. DOMAIN WALL DEPINNING AS
PREDICTED BY THE STANDARD LLG MODEL
IN THE ABSENCE OF JOULE HEATING
In what follows, we focus our attention on the case
of a transverse DW initially pinned in the center of the
notch as shown in Fig. 1(b). Although the geometry
and the dimensions of the Py strip were selected here
to mimic the experimental samples studied by Hayashi
et al.6, the exact geometry and dimensions of the notch
may slightly differ. In the present study, a 100nm-depth
and 200nm-wide triangular notch is assumed. In addi-
3tion to the notch, realistic conditions were considered
by taking into account roughness18 at the edges, with
a characteristic size ≈ 5nm. In order to show the lim-
itations of neglecting Joule heating, we first report the
results obtained by standard micromagnetic simulations,
where the magnetization dynamics at uniform and fi-
nite temperature T  TC is described by the Landau-
Lifshitz-Gilbert (LLG) equation augmented by adiabatic
and non-adiabatic STTs12,16
∂ ~m
∂t
= −γ′0 ~m×
(
~Heff + ~Hth
)
−γ′0α~m×
(
~m× ( ~Heff + ~Hth)
)
−u(1 + ξα)~m×
(
~m× ( ~J · ∇)~m
)
−u(ξ − α)~m× ( ~J · ∇)~m , (1)
where ~m(~r, t) = ~M(~r, t)/Ms is the normalized magne-
tization and ~Heff (~r, t) is the effective field, which in-
cludes the standard micromagnetic contributions16,37.
γ′0 = γ0/(1 + α
2) where α is the Gilbert damping and
γ0 the gyromagnetic ratio. ~J(~r, t) is the current density
and u = µBP
0/(M0s e(1 + ξ
2)), where µB is the Bohr
magneton and e the elementary charge. P 0 and M0s are
the current polarization and the saturation magnetiza-
tion at zero temperature, and ξ represents the dimension-
less non-adiabatic parameter12–14. Thermal fluctuations
at uniform and constant room temperature T = 300K
are taken into account through a stochastic thermal field
~Hth, which has white noise properties with the correla-
tor16,38,39
〈Hith(~r, t)Hjth(~r′, t′)〉 =
2αkBT
γ0µ0MsV
δijδ(~r − ~r′)δ(t− t′),
(2)
where kB is the Boltzmann constant, µ0 the vacuum per-
meability and V the volume of the computational cell.
Starting from the initial state depicted in Fig. 1(a), 4ns
current pulses together with a bias field ~HB = HB~ux are
applied and the magnetization dynamics is studied by nu-
merically solving Eq. (1) using a 4th-order Runge-Kutta
scheme. ~J(~r, t) was previously calculated by COMSOL40
(see Fig. 1(b)) and included in Eq. (1). Typical Py pa-
rameters were considered: Ms ≡ M0s = 8.6× 105 A/m2,
A0 = 1.3 × 10−11 J/m (exchange constant at zero tem-
perature), α = 0.02, P 0 = 0.4 and ξ = 0.0415. The
micromagnetic results described below were obtained by
using a computational time step of ∆t = 0.1ps, and it
was checked in several tested cases that a reduced time
step of ∆t = 0.05ps did not modify the obtained results.
The Py strip is spatially discretized using cubic compu-
tational cells ∆x = ∆y = ∆z = 5nm. In order to obtain
the depinning probability at T = 300K, 10 stochastic
realizations were evaluated. Under these conditions, we
computed the critical DW depinning current Jd as a func-
tion of the bias field. As in Ref.6, Jd is defined as the
minimum current density needed to depin the DW with
a probability higher than 50%. Henceforth, we shall use
J to indicate the module of the current density at points
distant from the notch, where ~J is uniform across the
strip width and points along the longitudinal direction
(~uJ = ~ux). Note that, due to the notch, | ~J | is higher
below the notch and has a y component (Fig. 1(b)). The
DW was considered as depinned when it was expelled
outside the gold contacts (Fig. 1), as would be obtained
with magneto-resistance measurements6.
The results are shown in Fig. 2(a) and 2(b) for negative
and positive currents respectively. In the absence of cur-
rent (J = 0), the depinning fields areH∓d = −75/+70 Oe;
i.e., slightly higher than the experimental ones6 (H∓d =−54/+ 54 Oe), meaning a slightly different notch. From
the results collected in Fig. 2, two noticeable differences
with the experimental observations (see Fig. 3(a) in6)
can be found: On the one hand, the amplitude of the
depinning currents Jd is around 5 times higher than the
ones measured experimentally. On the other hand, the
experimental depinning diagrams depicted in Fig. 3(a)
of Ref.6 are almost independent of the current polarity,
i.e., positive and negative currents produce roughly the
same reduction on the depining field. However, and in
agreement with the STT contribution that pushes the
DW in opposite directions, here we found an evident
asymmetric depinning diagram with respect to the cur-
rent polarity. For instance, under negative current pulses
(J < 0 with the electron flowing along the positive x di-
rection, Fig. 2(a)), we found more depinning events for
HB > 0, where the STT and the bias field push the
DW in the same direction. If we reverse the current
(J > 0, Fig. 2(b)) we have more depinning events for
HB < 0. This asymmetric behaviour is due to the bal-
ance between the two driving forces: while for J < 0
the STT pushes the DW to the right, the driving field
pushes the DW towards the right or left depending on
its direction. We checked that it was not possible to re-
produce the experimental phase diagram for any of the
combinations of the STT parameters (0 ≤ P 0 ≤ 1 and
0 ≤ ξ ≤ 5α): an increase in ξ decreases the depinning
current but increases the asymmetry with the current
polarity. Also, an increase of P 0 up to unrealistic val-
ues (P 0 = 1) can decrease the depinning current but
does not lead to the experimentally observed symmetry.
These results indicate that conventional micromagnetic
simulations are inadequate to reproduce the experimen-
tal results in these systems. As mentioned, Hayashi et
al.6 already estimated an average temperature between
the contacts of about Tav ≈ 780K during the injection of
the pulses with J ≈ 3× 108A/cm2. These temperatures,
being close to the Curie temperature of Py (TC ≈ 850K),
suggest that a more realistic description, that takes into
account Joule heating effects, needs to be adopted in or-
der to correctly describe the current-assisted DW depin-
ning in these systems.
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FIG. 2. (color on-line) Depinning current (Jd) as a function
of the bias field (HB) obtained with the standard LLG equa-
tion in the absence of Joule heating for (a) negative and (b)
positive current pulses. Results are shown for 0 and constant
room temperature. STT (HB) pushes the DW in the direc-
tion of the arrows. Errors bars, corresponding to the adopted
current step, are smaller than the plot markers.
III. HEAT DYNAMICS
In order to evaluate the relevance of Joule heating ef-
fects on the current-assisted DW depinning, a prelimi-
nary analysis of heat transport is required. The tem-
perature evolution of the sample is governed by the heat
equation
∂T (~r, t)
∂t
=
k
ρC
∇2T (~r, t) + Q(~r, t)
ρC
, (3)
where k is the thermal conductivity, ρ the density, and
C the specific heat capacity of the material. T = T (~r, t)
represents the temperature and Q the heat source. For
Joule heating Q(~r, t) = ~J(~r, t)2/σ, with ~J(~r, t) the cur-
rent density, and σ the electrical conductivity. Analytical
solutions of Eq. (3) have been obtained under the as-
sumption of uniform temperature and semi-infinite sub-
strate41,42. Here, due to the non-uniform source and the
finite substrate thickness, we solved Eq. (3) for the full
system (Py/SiO2/Si) by COMSOL simulations. Typ-
ical Py parameters26 were considered: ρPy = 8.7 ×
103 Kg/m
3
, CPy = 0.43 J/(gK), kPy = 46.4 W/(Km),
σPy = 4×106 (Ωm)−1. For the Si substrate, nominal pa-
rameters were also assumed: ρSi = 2.329 × 103 Kg/m3,
CSi = 0.7 J/(gK) and kSi = 130 W/(Km). The pres-
ence of a thin native SiO2 interlayer
36 was also taken
into account. Consistent with a previous analysis28, this
interlayer imposes a thermal resistance43 between the Py
strip and Si substrate (Ref.40). Here a thermal resis-
tance of 2.2 × 10−8m2K/W was adopted to reproduce
the experimental results6. Owing to the high thermal
conductivity of Au, the electrical contacts are considered
to be sinks for the heat, and therefore their temperature
is fixed to room temperature. The electrical conductivity
is assumed to be different from zero only in the Py and
in the Au contacts.
As an example, the temperature of the Py strip is
shown for a 4ns current pulse with a magnitude of J =
3× 108A/cm2. COMSOL predictions are shown by blue
dots in Fig. 3. The temporal evolution of the Py temper-
ature, averaged over the region between the Au contacts
(TThav ), is shown in Fig. 3(a). Upon application of the
current pulse, TThav increases monotonously (see Fig. 3(a)
for 0 < t < 4ns), and it relaxes again to room tempera-
ture once the current pulse is switched off (see Fig. 3(a)
for t > 4ns). The local temperature profile (T (~r, t)) along
the middle line of the Py strip (y = 150nm), at the end
of the pulse (t = 4ns), is shown in Fig. 3(b). This pic-
ture clearly indicates that the temperature is not uniform
along the Py strip, with remarkable variations around the
notch, where the current density is higher (see Fig. 1(b)).
Since the inclusion of the substrate into the micromag-
netic code would be prohibitive from a computational
point of view44, we adopted a phenomenological model
of the heat transport by adding an additional convective
term into Eq. (3), which now reads45
∂T (~r, t)
∂t
=
k
ρC
∇2T (~r, t) + Q(~r, t)
ρC
− T (~r, t)− T0
τ
(4)
where the last term in Eq. (4) takes into account the
cooling of the wire through the substrate and the sur-
rounding ambient. The parameter τ represents the char-
acteristic time rate at which the heat flows from the strip
to the substrate and it was fixed to τ = 0.9ns in order
to have, for all the currents and at the end of the 4 ns
pulse, the same averaged temperature as estimated ex-
perimentally in Ref.6 (TExpav ), and also obtained by the
COMSOL simulations described above. Unlike Eq. (3),
the phenomenological heat Eq. (4) is only solved for the
Py strip, and therefore, it can be implemented to evalu-
ate the heat transport and the magnetization dynamic si-
multaneously. In order to validate this phenomenological
model, its predictions are depicted in Fig. 3(a) and (b) by
solid red lines. Both the temporal evolution (Fig. 3(a))
and the local temperature profile (Fig. 3(b)) are in re-
markable agreement with COMSOL results, which allows
us to easily couple the heat transport to the magnetiza-
tion dynamics in our micromagnetic code.
Fig. 3(c) shows the Py temperature as a function of J .
The theoretical average temperature (TThav ) is in agree-
ment with the experimental values (TExpav ) of Ref.
6. Note
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FIG. 3. (color on-line) (a) Temporal evolution of the averaged
temperature (TThav (t)) in the Py strip for J = 3× 108A/cm2.
The average was computed between the two contacts used to
inject the current pulse. (b) Temperature profile (T (x, y =
150nm) vs x) in the middle of the strip (y = 150nm) at
t = 4ns for the same current J = 3 × 108A/cm2. (c) Av-
erage temperature (TThav ) at the end the pulse (t = 4ns) as
a function of the applied current density J . The experimen-
tal data (TExpav ) were extracted from Ref.
6. The theoretically
computed local temperature at the notch location (Tnotch) is
also shown.
that for high current pulses (J ≥ 2.5× 108A/cm2), even
if the average temperature Tav remains below the Curie
point, the local temperature at the notch (Tnotch) reaches
values above TC (Fig. 3(c)), leading to a local destruc-
tion of the ferromagnetic order. In agreement with previ-
ous analysis26 we found that the temperature dynamics
strongly depends on the substrate. In particular, in our
case it depends on the thickness of the small SiO2 inter-
layer. This can explain the comparable increases in tem-
perature observed in similar Py samples for much lower
current densities23–25. In some of those systems for in-
stance, the SiO2 insulating layer was much thicker (≈ 100
nm)24,25 or the substrate was different23,25 leading to a
less efficient heat absorption and a higher increase in tem-
perature.
IV. COUPLED MAGNETO-HEAT DYNAMICS:
THE INFLUENCE OF JOULE HEATING
We showed in Sec. II that the analysis of the current-
assisted DW depinning in the framework of the conven-
tional micromagnetic model, which includes the STTs
but neglects Joule heating phenomena, is not sufficient
to explain several features observed in the experiment6.
In particular, the model overestimates the magnitude of
the critical depinning currents as compared to those ob-
served in the experiment. Moreover, the lack of symme-
try with respect to the current polarity in the depinning
phase diagrams predicted by this oversimplified model is
not consistent with the experimentally observed symme-
try. Additionally, both the experimental measurements
of the average temperature and the theoretical analysis
performed in Sec. III, show that Joule heating needs to
be taken into account in order to provide a more realistic
description of these systems. Therefore, the magnetiza-
tion dynamics must be studied as being coupled to the
heat transport excited by the current pulses. Since the
sample reaches temperatures near or even above TC we
can not use the LLG equation, valid for T  TC . A
natural choice is the Landau-Lifshitz-Bloch (LLB) equa-
tion29, which can describe the magnetization dynamics
for a wide range of temperatures, even above TC
30,31. It
has been used to describe ultrafast demagnetization pro-
cesses32 as well as DW motion by thermal gradients33.
Here we extend its application to the analysis of the JH
effect in current-assisted DW depinning. The STT con-
tributions were included in the LLB eq.35 by Schieback
et al.34. The LLB equation describing the magnetization
dynamics under STT reads as
∂ ~m
∂t
= −γ′0(~m× ~Heff ) + γ′0
α‖
m2
(
~m · ~Heff
)
~m
−γ′0
α⊥
m2
(
~m×
(
~m× ( ~Heff + ~H⊥th)
))
+ ~H
‖
th
+u
(
1 +
ξα⊥
m
)
( ~J · ∇)~m
− u
m
(
ξ − α⊥
m
)
~m× ( ~J · ∇)~m
−uξα⊥
m3
(
~m · ( ~J · ∇)~m
)
~m , (5)
where γ′0 = γ0/(1+λ
2). Apart from the conventional pre-
cessional and damping terms (first and third term on the
RHS of Eq. 5) the LLB equation includes an additional
longitudinal relaxation term (second term on the RHS
6of Eq. 5) which describes the relaxation of the module
of ~m towards its equilibrium value me(T ). me(T ) repre-
sents the normalized equilibrium magnetization at each
temperature, which we calculated by using the Brillouin
function for 1/2 spins, namely46,47
me = tanh
[
µ0µPy
kBT
HB +
TC
T
me
]
, (6)
where µPy represents the Py atomic magnetic moment
and HB the external field. We assumed µPy = µB ac-
cording to previous calculations48. A characteristic fea-
ture of the LLB is precisely that, contrary to the LLG,
~m is not unitary but its module varies depending on the
temperature. Note that, this longitudinal relaxation is
neglected within the LLG formalism since, at T = 300K,
it is much faster than the transverse relaxation. However
it becomes particularly important at T close to TC where
longitudinal and transverse relaxation times are compa-
rable. α⊥ and α‖ are the transverse and the longitudi-
nal damping parameters respectively. They depend on
the temperature as29–31 α⊥ = λ(1− T/(3TC)) and α‖ =
2λT/(3TC) for T < TC , while α⊥ = α‖ = 2λT/(3TC) for
T > TC . λ represents a microscopic damping parameter,
and in the limiting case of zero temperature α⊥ reduces
to the conventional Gilbert damping with α ≡ λ and
α‖ = 0. The effective field, ~Heff , is given by29–31
~Heff = ~Hexch + ~HB + ~Hdmg
+

1
2χ‖
(
1− m2m2e
)
~m, T < TC
− 1χ‖
(
1 + 35
TCm
2
(T−TC)
)
~m, T > TC
, (7)
where ~HB , ~Hdmg are the external bias field and the de-
magnetizing field respectively. χ‖ is the so-called longi-
tudinal susceptibility, defined as χ‖ = ∂me/∂HB |HB→0
30,31, straightforward calculations give for χ‖:
χ‖ =
µ0µB
kBT
B′(x)
1− TCT B′(x)
]
x=
TC
T me
, (8)
being x = µ0µBkBT HB +
TC
T me and B
′(x) = ∂ tanh x∂x . me(T )
and χ‖(T ) are shown in Fig. 4.
The exchange field ~Hexch is given by
31,33,34
~Hexch =
2A(T )
m2eM
0
s
∇2 ~m , (9)
where A(T ) is the temperature-dependent exchange con-
stant. Here we follow the same assumption adopted in
Ref.32,49, where A(T ) scales with T as A(T ) = A0m2e(T ).
M0s and A
0 represent the saturation magnetization and
the exchange constant at T = 0. The stochastic fields
~H
⊥,‖
th take into account longitudinal and transverse fluc-
tuations of the magnetization. They are considered to
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FIG. 4. (color on-line) (a) Normalized equilibrium magneti-
zation me(T ) and (b) longitudinal susceptibility χ‖(T ) mul-
tiplied by M0s (in order to be dimensionless) as function of
temperature. Dots in (a) represent a numerical solution of
Eq. (6). The line is a fit of the solution.
have white noise properties with the following correla-
tors35
〈H⊥ith (~r, t)H⊥jth (~r′, t)〉 =
=
2kBT (α⊥ − α‖)
γ0µ0M0s V α
2
⊥
δijδ(~r − ~r′)δ(t− t′) ,
〈H‖ith(~r, t)H‖jth (~r′, t)〉 =
=
2γ0kBTα‖
µ0M0s V
δijδ(~r − ~r′)δ(t− t′) . (10)
The last three terms in Eq. (5) describe the STT as
introduced by Schieback et al.34,50. The temperature de-
pendence of the current polarization is assumed to be34
P = P 0me(T ). Eqs. (4) and (5) are simultaneously
solved by Heun’s method for a 4ns current pulse over
a total simulation time of 10ns. Note that within this
magneto-thermal framework, the magnetization dynam-
ics, eq. (5), is coupled to the temperature dynamics, eq.
(4), both through the thermal fields and the temperature
dependence of the magnetic parameters.
The new depinning diagrams are shown in Fig. 5. The
depinning currents are now in quantitative agreement
with the experimental measurements (see Fig. 3(a) in
Ref.6). Moreover, the symmetry with respect to the cur-
rent polarity of the phase diagram is also reproduced.
Indeed, the depinning currents are almost independent
of the current polarity (J > 0 or J < 0). These ob-
servations can be explained by the pivotal role of Joule
7heating, which has no dependence on the current direc-
tion. The main effects of the temperature rise are the
increase in thermal fluctuations, the decrease in the de-
pinning field, and the local destruction of the ferromag-
netic order for high currents. While the first two effects,
together with the applied field and STT, are responsible
for the points at J < 2.5×108 A/cm2, the last one drives
the depinning for J ≥ 2.75× 108 A/cm2.
The scale at the right hand side of Fig. 5 shows the
average temperature TThav between the contacts for each
current pulse at 4ns. The local temperature can de-
viate from this average, and, depending on J , it can
reach higher values around the notch, where the current
is higher (Fig. 3(b)). Accordingly, the mechanism by
which the DW is depinned depends on the magnitude of
the current injected. In order to visualize the magnetiza-
tion dynamics together with the temperature evolution
along the strip, several representative movies are avail-
able in Fig. 6 (Multimedia view). The movies correspond
to the cases J = −2 (Fig. 6(a)), −2.75 (Fig. 6(b)) and
−3 × 108 A/cm2 (Fig. 6(c)), with different bias fields.
The static images in Fig. 6 represent the temperature
and magnetic patterns for the corresponding current and
fields at t = 2, 4 and 6 ns. It is possible to see the
different magnetic dynamics depending on the current
(temperature) and field.
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FIG. 5. (color on-line) Depinning current (Jd) vs bias field
(HB) obtained with the LLB eq. (5) including Joule heating
(4). Results including the STTs are shown for positive (open
red squares), and negative (full blue circle) currents. Green
diamonds correspond to the results obtained in the absence
of STTs (P 0 = 0). The scale (non linear) at the right-hand
side shows the average temperature Tav between the contacts
for each current at 4ns.
During the injection of a current pulse of |J | = 3 ×
108 A/cm2, the temperature between the contacts (not
only under the notch) reaches TC , and therefore the fer-
romagnetic order is temporarily destroyed between them
(see Fig. 6 (c)). Once the current pulse is switched off
(t > 4ns), the ferromagnetic order is recovered as T (~r, t)
relaxes back to uniform room temperature, as described
in Fig. 3(a). Finally, a new DW is re-nucleated outside
the notch. This re-nucleation process is influenced by
the shape anisotropy and the static applied field. The
ferromagnetic order is not destroyed outside the region
between the contacts because no current has flowed there.
These outside regions preserve a quasi-uniform magneti-
zation pointing in opposite directions along the x-axis
and, as a consequence, a DW is forced to be re-nucleated
between the contacts for t > 4ns. Note that once the DW
is out of the notch, it also undergoes a local pinning due
to the edge roughness, which generates a minimum DW
propagation field along the strip of Hp ≈ 15 Oe. There-
fore, depending on the applied field, the re-nucleated
DW can finally be expelled from the contact area, re-
sulting in a depinning event. The absence of points for
|HB | < 20 Oe is precisely due to this propagation field.
In agreement with the experimental results, no DW de-
pinning is achieved in the absence of external field. The
emergence of multiple-domains states, as consequence of
re-nucleation due to Joule heating above TC , was also ob-
served experimentally in other studies on Py strips24,25.
Here due to the reduced dimensions and the sides effect,
we mainly observe one re-nucleated DW.
Coming back to our system, for |J | = 2.75×108 A/cm2
(Fig. 6(b)), the average temperature between the con-
tacts is Tav ≈ 740 K < TC while the local temper-
ature in the notch is larger than the Curie threshold
(Tnotch ≈ 980 K > TC). In this case, the destruction
of the ferromagnetic order occurs only around the notch
position, as shown in Fig. 7(a) at t = 4nm and in the
corresponding movie (Fig. 6(b)). After the pulse, DW is
re-nucleated under the notch but adopts a different inter-
nal structure, the new structure can either be a displaced
transverse (or vortex) wall or a meta-stable state which
then collapses into a transverse or vortex wall. An ex-
ample of this after-effect configuration is shown in the
transient magnetization states of Fig. 7 at t = 6ns and
t = 9ns. Note the meta-stable state shown in Fig. 7b.
The new DW is found to have a lower depinning field
and it is eventually depinned from the notch. We found
a new critical depinning field for the re-nucleated DW of
about 45 Oe. This decrease in the depinning field can
be attributed to the new DW structure and the complex
re-nucleation process (note that the re-nucleation takes
place under the effect of the bias field and can involve
transitions from meta-stable states).
Since these results clearly indicate a remarkable in-
fluence of Joule heating in current-assisted DW depin-
ning, it is interesting to evaluate the magnetization dy-
namics coupled to the heat transport in the absence of
STTs (P 0 = 0). This case is depicted by green dia-
monds in Fig. 5. These latter results are very close
to those observed in the presence of STTs (blue cir-
cles and red squares in Fig. 5). Consequently, we can
state that STTs do not play a dominant role for |J | >
2.5 × 108 A/cm2. By contrast, for such high currents,
Joule heating and the applied field are the main agents
responsible for the DW depinning events. For lower cur-
rents (|J | < 2.5 × 108 A/cm2), where DW depinning is
mainly achieved because of the applied field, the contri-
bution of the STTs is also small, as can be deduced by
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FIG. 6. (a) Magnetization and temperature dynamics for J = −2 × 108 A/cm2 (Multimedia view). (b) Magnetization
and temperature dynamics for J = −2.75 × 108 A/cm2 (Multimedia view). (c) Magnetization and temperature dynamics
for J = −3 × 108 A/cm2 (Multimedia view). Static images represent the temperature and magnetization patterns for the
corresponding current and fields at t = 2, 4 and 6 ns.
considering the similarity of the results with and without
STTs in Fig. 5.
V. DISCUSSION
As previously commented, temperature is coupled to
the magnetization dynamics through the thermal fields
and the temperature dependence of the magnetic param-
eters. However, by simulating the DW depinning with-
out thermal fields (Eq. 10) we found that thermal fluc-
tuations effect is negligible. Indeed we obtained almost
the same depinning diagram even without the random
thermal fields. The main actor is therefore the tem-
perature dependence of the micromagnetic parameters,
which is indeed responsible for the destruction of the fer-
romagnetic order and the previously described depinning
events at high currents. However, even at T < TC , tem-
perature can significantly affect the depinning field. By
performing purely field driven depinning simulations at
constant uniform temperature, we found that the depin-
ning field changes with T as Hd(T ) ≈ H0dme(T ), where
H0d is the depinning field at T = 0. This means that tem-
perature is actually decreasing the pinning barrier. Such
behaviour is due to exchange and magnetostatic ener-
gies which scale as me(T )
2 and give rise to the pinning
barrier. Since the Zeeman energy scales as me(T ), the
resulting depinning field (defined as the field at which the
Zeeman energy is equal to the energy barrier) scales as
me(T ). Note that this behaviour is true for a system at
constant and uniform temperature but, in our case, time-
and space-dependent temperature patterns can lead to
further pinning and the behaviour of the depinning field
might be more complicated. The analysis performed at
constant uniform temperature simply help us to under-
stand one of the possible effect of the temperature rise.
Experimental observations (in uniform Py strips) of de-
creases in the DW propagation field25 or in the switch-
ing field23 due to Joule heating, can be explained by the
same mechanism, as already anticipated in Ref.23,25 Note
also that even if temperature effects can be divided into
these two contributions (thermal noise and temperature
dependence of the micromagnetic parameters) at a mi-
cromagnetic level, from a more fundamental and micro-
scopic point of view, all of them are related to thermal
agitation of single spins. Finally, although it is not the
main objective of the present study, it is interesting to
comment about one of the main results of Hayashi et al.6
which is the independence of the critical depinning cur-
rent on the DW type (transverse or vortex) at low fields
(high currents). Our analysis, although performed only
one DW type, points out, in agreement with the conclu-
sion of Ref.6, that such independence might be due to
thermal effects which overcome the STTs and are indeed
independent on the DW type.
VI. CONCLUSIONS
The current-assisted DW depinning from a notch in a
Permalloy strip on top of a Silicon substrate has been
evaluated under static fields and short current pulses.
The non-uniform spatial distribution of the current due
to the notch results in significant non-uniform tempera-
ture profiles through the sample. Owing to Joule heating,
the temperature can reach values close to or even above
the Curie point for commonly injected currents in typi-
cal experiments. Although significant Joule heating have
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FIG. 7. (color on-line) Snapshots of the magnetization for
HB = −60 Oe and J = 2.75× 108 A/cm2 at t = 4ns, 6ns and
9ns. The detail in (b) represents a meta-stable state formed
after re-nucleation.
been observed in experimental studies, its effect has been
overlooked in the theoretical descriptions. Here, we have
developed a formalism to properly describe the magneti-
zation dynamics coupled to the heat transport. In par-
ticular, the depinning diagrams of the critical depinning
current as a function of the applied field were experimen-
tally found to be insensitive to the current polarity in the
system under study, an observation which is not compati-
ble with the sole contribution of the spin transfer torques.
Our analysis demonstrates that indeed Joule heating is
crucial to reproduce these experimental observations6.
In agreement with previous studies26,28, the temperature
evolution of the strip strongly depends on the current am-
plitude and the substrate. Below the notch, temperature
is much higher than the average value. The rise in tem-
perature leads to an increase in thermal agitation and in
a reduction of the depinning field. Moreover, under typi-
cally injected current pulses, Joule heating can lead to a
local destruction of the ferromagnetic order during which
the DW is destroyed and the re-nucleated with a differ-
ent internal structure (vortex, transverse or a meta-stable
state) and a lower depinning field. Our findings suggest
that previous estimations of STT parameters based on
depinning experiments, performed by fitting the experi-
mental data with conventional micromagnetic and/or 1D
models at constant and uniform temperature, must be
carefully considered in systems where Joule heating is
relevant. In addition, the formalism introduced here can
be used to study the interplay between STT and ther-
mal gradients in systems where the temperature changes
dynamically.
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